
1



2



3

 

HYPERSEEING 
Special Issue on SMI/ISAMA 2015 

 
Shape Modeling International 2015 

 
Fabrication and Sculpting Event:  

Fourteenth Interdisciplinary Conference of the International 
Society of the Arts, Mathematics, and Architecture 

 
 

Lille, France 
June 24-26, 2015 

 
 

SMI Conference Chairs 
Mohamed Daoudi (Télécom Lille / CRIStAL, France) 

Bianca Falcidieno (CNR, Italy) 
 
 
 

Fabrication and Sculpting Event Chairs 
Ryan Schmidt (Autodesk) 

Jakob Andreas Bærentzen (Technical University of Denmark) 
Ergun Akleman (Texas A&M University) 

 
 
 

 
 
 
 
 
 
 
 
 
 



4

Supported by  
 
Télécom Lille  
Technical University of Denmark 
Autodesk 
Texas A&M University, Department of Visualization  
 



5

CONTENTS 
 

Proceedings of Fabrication and Sculpting Event 
 

Author(s) Title Pages 

   

James Mallos Plain-woven baskets as hypermaps
    

9-16 

Andrew Winslow, Kimberly Baldauf, 
Benjamin Leeb, James McCann, Erik 
Demaine, Martin Demaine, Peter Houk 
 

Virtual Cane Creation for Glassblowers
     

17-22 

Rinus Roelofs Helical Tiling – Columns built with flat 
Tiles 
 

23-32 

Shane Bearrow1, Gabriel Esquivel Reverberation of an Object 
    
 

33-46 

Marcel Morales Regular stellated Polyhedra or Kepler-
Poinsot Polyhedra by Origami  
   

47-61 

 



6

 
 

Fabrication and Sculpting Event Papers 
 
 
 
 

Chairs 
 
 

Ryan Schmidt (Autodesk) 
 

Jakob Andreas Bærentzen (Technical University of Denmark) 
 

Ergun Akleman (Texas A&M University) 
 



7

 

Preface  

Fabrication and Sculpting Event 

 

There are at least two aspects to shape modeling: theoretical and practical.  The mathematical and 
theoretical aspects of shape modeling have traditionally been supported by the SMI conference. With 
the Fabrication and Sculpting Event our goal is to include more hands-on, application-oriented ways by 
designers and sculptors who construct sophisticated real shapes.  The Fabrication and Sculpting Event 
has its own program committee, and the accepted papers are published in Hyperseeing. With FASE, we 
hope to attract practitioners who might usually be less inclined to write papers containing formal 
algorithms or mathematical proofs, but who nevertheless have important things to say that are of 
interest to the shape modeling community and who also might provide visually stimulating material. 

The Fabrication and Sculpting Event (FASE) started as an experiment in expanding the scope of shape 
modeling international (SMI) conference in 2012. We also had another FASE event in SMI’2013. There 
were also very positive responses to the Fabrication and Sculpting Event papers and presentations both 
2012 and 2013. We skipped FASE in SMI’2014. Based on the success of earlier events, we decided to 
continue the FASE event this year, in 2015.   
 
In 2013, Nat Friedman, the chair of the International Society of the Arts, Mathematics, and Architecture 
(ISAMA), asked us if we can organize the event as an annual ISAMA conference. The SMI steering 
committee unanimously agreed with the suggestion. As a result, the event can now be considered also 
as the Fourteenth Interdisciplinary Conference of ISAMA.  
 
 The ISAMA conference has a rich history. The first Art and Mathematics Conference (AM 92) was 
organized by Nat Friedman at SUNY-Albany in June, 1992. This conference was followed by annual 
conferences AM93-AM97 at Albany and AM 98 at the University of California, Berkeley, co-organized 
with Carlo Sequin. ISAMA was founded by Nat Friedman in 1998 along with the ISAMA publication 
Hyperseeing co-founded with Ergun Akleman in 2006. In addition, the Art/Math movement has taken off 
with the formation of many additional conferences and organizations. In particular, we mention the very 
successful conference Bridges organized by Reza Sarhangi in 1998 and the excellent Bridges 
Proceedings. The significance of the art/math movement is now recognized internationally and in 
particular by the extensive art/math exhibit at the annual Joint Mathematics Meeting of the American 
Mathematical Society and the Mathematical Association of America organized by Robert Fathauer. 
 
The main difference with other math/art conferences is that FASE focuses solely on 3D shapes.  We 
invite submissions mainly from practitioners such as sculptors and architects to describe their methods. 
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We expect that such papers and the following discussions can provide new problems, issues and 
questions for theoretical shape modeling research.  
 
For this year’s Fabrication and Sculpting Event, we solicit papers presenting original research pertaining 
to fabrication and/or the modeling of manufacturable shapes — whether objects of utility, sculptures or 
large structures such as buildings. Specifically, this includes but is not limited to techniques that are: 

 useful for the fabrication of digital models using an advanced manufacturing technique such as 
additive manufacturing, laser cutting or CNC milling. 

 useful for interactive or procedural design of manufacturable shapes. 
 useful where the modeling and fabrication processes are intertwined. 

Thus, the scope is the intersection of shape modeling and fabrication methods/algorithms, and papers 
may focus on both the digital/theoretical and the physical domain or just one of these domains – as long 
as the connection to the other domain is clear. It is not a requirement that the techniques presented in 
the paper involve computation as such, but they need to have a clear algorithmic or mathematical 
element. 
 
We received nine submissions this year and six of them were accepted and one was withdrawn. Five 
accepted papers span a wide range of topics and views on the fabrication process of various artistically 
interesting artifacts.   We wish to thank the authors for their participation in the SMA/ISAMA 2015 
Fabrication and Sculpting Event.  Hopefully new ideas and partnerships will emerge from the FASE 
papers that can offer a glimpse into a much larger territory and the event can enrich interdisciplinary 
research in Shape Modeling. We hope that the attendees of SMI 2015 will enjoy this event of the 
conference. 
 
 

Ryan Schmidt,  
Jakob Andreas Bærentzen  

and Ergun Akleman 
 

FASE chairs 
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Plain-woven baskets as hypermaps

James Mallos
Silver Spring, Maryland, USA

jbmallos@gmail.com

Figure 1 : Hypermaps are closely associated with ramified coverings of the sphere—what a lay-
man may think of as seamlessly covering other surfaces with copies of the earth’s surface. Here is
a flat passage realized in knotology weaving, a versatile technique that uses only straight weaving
elements.

Abstract
Baskets that are plain-woven (i.e., woven in a strictly over-one-under-one rhythm) embody alternating links, and
thus can be represented by face 2-colored (a.k.a., chess-colored) 4-regular graphs drawn on a closed surface. We
may say that plain-woven baskets are represented topologically by chess-colored, 4-regular maps. Some sculptors
and weavers have advocated practical use of such a representation. The dual of a map contains the same information
as the original map—the roles of faces and vertices are merely switched. In particular, a chess-colored, 4-regular
map has a dual that is a vertex 2-colored (a.k.a., bicolored) quad-faced map. Since every bicolored map represents
a hypermap, the dual representation of a plain-woven basket is in fact a hypermap. This hypermap representation is
recommended by its web of mathematical connections. As one example, we show how a basket woven using Heinz
Strobel’s knotology technique can model a Belyi surface. We demonstrate this visually using Adams’s World in a
Square II conformal projection.

Introduction

As recently as the last decades of the twentieth century, researchers in many fields were working with the
same mathematical object, calling it by different names and largely unaware of each other’s work. Choosing
one of its many guises to serve for a name, we choose to call this mathematical object hypermaps. A book by
Lando and Zvonkin [1] surveys an amazing breadth of hypermap appearances in many fields of mathematics
and in quantum physics. Add basket weaving to that list, as it is easily shown that a known representation of
plain-woven baskets has a dual representation that is a hypermap.
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Graphs and Hypergraphs

A graph may be thought of as a dots-and-lines drawing, but more abstractly, it is a pairwise relation between
elements of a set. For example, consider a set composed of persons. A suitable graph relation could be
expressed by the sentence, “ and are friends.” This is an undirected graph relation:
any pair of names that make the sentence true can fill the blanks in either order. (We will only be concerned
here with undirected graphs.)

Throughout its history, graph theory has been nagged by two questions. Framing those two questions
in terms of our example: “Can there be multiple instances of friendship between the same Peter and Paul?”
and, “Can Ted be friends with himself?” It has gradually become clear that both questions are best answered
in the affirmative—but technical problems arise. In the former case, instances of the relation can no longer
be uniquely identified by a two-element set; in the latter case, instances of the relation can no longer be
identified with a set at all, since it is a postulate of set theory that an element cannot appear with multiplicity
other than one.

Saying,“Yes,” to yet a third question proved a way out. Framed in terms of our example, the third
question is: “Can Peter and Paul and Mary and Peter be friends?” In other words, shall we permit a graph
relation to unite any number of set elements having any multiplicity? Answering this in the affirmative gives
birth to the concept of a hypergraph. Hypergraphs elegantly solve the technical problems mentioned above,
but they do this by forcing us back to our first instinct: drawing graphs.

Figure 2 : An ordinary map edge is incident to two vertices (or one vertex with a multiplicity of
two,) a hypermap edge is incident to any number of vertices with any multiplicity.

Drawing Graphs on Surfaces

Building on the example in the preceding section, suppose we list the names of the persons in the set, and
draw a dot beside each name. Then we may make a drawing of the graph by drawing a line between two dots
if the corresponding persons are indeed friends. We draw one line for each instance of friendship, drawing
as many lines as are called for between the same two dots. If a person is indeed friends with himself, we
draw a line that is a self-loop from that dot and back—drawing as many self-loops as are called for.
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It is not likely that we will find that our set of persons comprises a single network of friends—a graph
need not consist of a single connected component—but, anticipating where we intend to go, we will only
draw connected graphs. Therefore, at this point in our graph drawing example, we must choose one net-
work of friends (one connected component of the graph,) erasing any dots or lines representing persons or
friendships not included in it.

A messy aspect of our graph drawing is that there may be lines crossing. Given some luck, we might be
able to reposition dots or reroute lines to avoid line crossings, but a universal solution is to inserting a handle
at that location in the surface, making an overpass so that lines can cross over without intersecting.

Having successfully drawn the graph on the surface without crossing lines, there is one more require-
ment for a proper drawing. We can now define faces as the fragments of the surface that would remain if
the drawing’s lines were to dissolve the surface like acid. In a proper drawing of a graph on a surface, a
face must be a simply-connected region. Put another way, a face cannot contain any topological widgets: no
holes, no boundaries no handles, no crosscaps. Note that this requirement bars us from drawing graphs on
the plane, because any drawing on the plane has an outer face that is not simply connected. A proper graph
drawing must be drawn on a closed surface.

Figure 3 : Which of these graph drawings are properly drawn on their surfaces? Only b, c, and f.

Maps

A proper graph drawing, considered up to topological equivalence, is called a map. By topological equiv-
alence we mean that in comparing two maps, faces can be stretched or shrunk at will, but their adjacencies
cannot be altered.

Every map has a dual that can be constructed by placing a new vertex in the center of each face and
connecting these new vertices together with edges iff the faces they descend from were adjacent in the
original (primal) map. The dual switches the roles of vertices and faces, while rotating edges 90◦. The
dual’s dual is the original map. Some maps are described as self-dual because the two maps in the pair are
topologically indistinguishable; however, when drawn in their constructed relationship on the same surface,
it is always possible to distinguish a map from its dual.

So, how might we extend the idea of maps to hypermaps? In particular, how can we draw a graph edge
that connects any number of vertices with any multiplicity? The answer is surprisingly simple.
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Bicoloring of Graphs

A bicoloring of a graph is a coloring of each vertex with one of two colors such that no edge is incident to
the same color at both ends. Often this is not possible. For example, no graph with a self-loop can be colored
in this way. If a bicoloring does exist, the graph is said to be bipartite. In other words, the action of the edges
has divided the set of vertices into two partitions. The number of ways two partitions of a set can be colored
using two colors is exactly two, thus every bipartite graph has exactly two bicolorings, and they differ only
by a rotation of the colors.

Hypermaps

A hypermap is a map bicolored with the colors black and white1.
The black vertices are called hypervertices, the white vertices are called hyperedges. Given any ordinary

map, we can draw it as a hypermap by subdividing each edge with a white vertex: an ordinary map is a
hypermap with 2-valent hyperedges.

A hypermap face (a hyperface) is bounded by facial walk that alternates between black and white
vertices, and thus contains an even number of half-edges. The valence of a hyperface is calculated by
totaling the number of half-edges (counting with multiplicity if a half-edge appears twice in the walk) and
dividing by two.

It is easy to construct the dual of a hypermap: we simply rotate the two colors.

Figure 4 : The canonical triangulation of a hyperface: the pink star is the new vertex, the dashed
lines are the new edges.

1It is the combinatorial explosion of maps that allows us to define a superset as if it were a subset: a hypermap with n hyperver-
tices and m hyperedges is found as a bipartite needle in a haystack of ordinary maps having (n+m) vertices and likely many more
than m edges.
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The Canonical Triangulation

A small increase in generality can be gained by dealing with hypermaps in dual-pairs rather than individu-
ally. From the construction of the hypermap dual we can see that such a generalization coincides with the
(uncolored) bipartite maps.

An additional increase in generality is gained by dealing with triples of dual-pairs (what we will call a
six-pack of hypermaps) all at the same time. A construction called the canonical triangulation enables this.
Here is the construction: in a hypermap, place a new vertex colored with a third color (we’ll use a pink star)
in the center of every hyperface, and construct lines to all the vertices—both black and white—in the facial
walk. (We do this with multiplicity if a given vertex appears in the facial walk more than once.) The result of
this construction is a tricolored, tripartite, triangle-faced map. Every edge connects two vertices of differing
color: new lines connect pink to black or pink to white, old lines connect black to white. At every vertex
there are an even number of edges (and thus also an even number of triangles) meeting, so the the canonical
triangulation is an Eulerian triangulation.

The number of ways three partitions of a set can be colored using three colors is exactly six. Trying out
each of these six color permutations on a canonical triangulation reveals six different hypermaps (in three
dual pairs) each represented by its canonical triangulation. A generalization of hypermaps as six-packs thus
coincides with the (uncolored) tripartite triangle-faced maps.

Obtaining Tricolored, Quad-Faced Maps from the Canonical Construction

A tricoloring of the vertices of a triangle induces a 3-coloring of the edges: one may simply mix the two
different vertex colors the edge encounters at each end. In our case the three edge colors are gray, dark
pink, and light pink. Each triangle face has one edge of each color. On an orientable surface we may speak
consistently of counterclockwise (+) or clockwise (−) orientations. On such a surface each triangle can be
labelled + or − according to the rotation needed to put the edge colors into gray/dark pink/light pink order.
On such a surface, every edge in the triangulation is a +/− boundary. Deleting all edges of a certain color
unites neighboring + and − triangles to form a quadrilateral face. The map of course remains tricolored.
Every quad has two diagonally opposite vertices that bear the third color, i.e., the color that was not an
ingredient in the color of the removed edges. In this way, every six-pack of hypermaps gives us three ways
to make a tripartite quad-faced map on the same surface. This will prove handy shortly.

Plain-Woven Baskets

Baskets that are woven in a strictly over-one-under-one pattern (what we call plain weaving [2]) are closely
related to alternating links, the multi-component knots that possess a planar diagram showing the same over-
one-under-one pattern. The main differences between alternating links and plain-woven baskets are that
baskets not manipulated (that is, we do not attempt to untie them, or alter their configuration) and plain-
woven baskets have the option to demonstrate their over-one-under-one pattern on surfaces other than the
plane.

In 1876 P.G. Tait [3] showed how an alternating knot could be represented by a checkerboard diagram
on the plane. The same sort of diagram can be extended to plain-woven baskets simply by drawing it on a
closed surface.2 Some artists [4-6] have advocated this as a practical approach. In our terms such a diagram

2It is a startling fact that all plain-woven baskets are closed: their selvedged borders have exactly the same weave structure as
every other weave opening. The brim of a hat is just a weave opening big enough for us to pop our heads through!
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Figure 5 : A checkerboard diagram of a weave with right-handed triangular openings and the
finished weaving.

is a face 2-colored (a.k.a., chess-colored) 4-regular map (every vertex is incident to four edges when counted
with multiplicity.) Conventionally, the two colors for the chess coloring are black and white.

Figure 6 : Impossible Staircase Handedness (ISH.) One way to assign a handedness to a weave
opening is to view it as an impossible staircase. Aligning the curled fingers with the direction of
rotation and the extended thumb with the direction of apparent vertical progress, shows that this
triangular opening is right-handed. By the ISH convention, a right-handed opening is mapped to
the color black.

A chess-colored 4-regular map explicitly establishes both the path of the weavers and their over-or-
under crossings provided we possess a convention to determine the left- or right-handedness of a weave
opening and a mapping to the colors black and white. See Figure 6 for one such convention.

Plain-Woven Baskets as Hypermaps

The dual of a chess-colored, 4-regular map is a bicolored quad-faced map. Since every bicolored map is
a hypermap, we can represent every plain-woven basket as a hypermap. Further, from every six-pack of
hypermaps, we know how to generate three distinct bicolored quad-faced maps. From these, three distinct
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baskets which can each be woven in both a left-handed weave and a right-handed weave, giving us a total
of six baskets from six hypermaps. A suitable convention relating color and handedness (one is advocated
in Figure 6) can re-wire this six-on-six relationship into a bijection between hypermaps and plain-woven
baskets.

Figure 7 : Adams’s World in a Square II conformal projection of the earth formed into a periodic
strip; then folded along its seams and the equator to form a knotology weaver.

Figure 8 : Adams’s World in a Square II conformal projection of the earth formed into a periodic
strip; then folded along its seams and the equator to form a knotology weaver.

An Example: Ramified Coverings of the Sphere

Identifying plain-woven baskets with hypermaps suggests many interesting math connections. A topic
closely related to hypermaps are ramified coverings of the sphere—what the author and other laypeople
may prefer to think of as seamless coverings of other surfaces with copes of the earth’s surface.

In the terminology of this field, topographic details on the earth’s surface would be considered images,
and their copies on the other surface would be considered pre-images. The scheme only works for orientable
surfaces, and it is not possible to do the mapping perfectly: certain points on the earth (called critical values)
must be declared off-limits to visitors and likewise their pre-images on the other surface (called critical
points.) In general, a minimum of three critical values are needed. A surface that maps to the sphere with at
most three critical values is called a Belyi surface.
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The Adam’s World in a Square II projection is a conformal projection of the earth with just three cirtical
values: the North and South Poles and the point in the mid-Pacific where the equator and 180◦longitude meet.
This projection makes a square module or tile that is less symmetrical, but quite similar to the tile used in
knotology weaving [7]. The Adams projection tile (Figure 7) has vertices in three different colors that must
be matched, while the knotology tile has vertices in just two colors that must be matched. In doing the
weaving in Figure 1, I found that the North and South Pole critical points could be used at non-Eulerian
vertices, namely at the cube corners which are frequent motif in knotology.

Conclusion

Plain-woven baskets are closely related to hypermaps. In fact, given suitable conventions of color and
handedness, they are in bijection. The many mathematical appearances of hypermaps augur a bright future
for basket weaving.
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Virtual Cane Creation for Glassblowers
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Abstract

One of the fundamental color application techniques used by advanced glass artists is the creation and use of thin glass rods called
cane. Producing and applying glass cane is a many-step process, making its use daunting for intermediate-level glassblowers. In
this work, we present VirtualGlass, a computer program designed to help intermediate glassblowers plan and visualize all the steps
involved in the application of cane. This allows them to rapidly iterate and explore virtually, rather than spending hours in a glass
shop. By way of evaluation, we present side-by-side results of cane patterns designed in our program and the final pieces; and
discuss the results of a user test among intermediate-level glass blowers.

Keywords: cane, glass, glassblowing

1. Introduction

The creation and use of cane is an advanced glassblowing
technique which can create amazing color patterns in finished
pieces. Canes are thin (0.2-0.6 inch) glass rods with internal
color patterns. They are created by building short, fat, cylinders
of glass with the desired pattern, then stretching these cylinders
5-20 feet to thin them out. Once created, canes can be used re-
cursively to build new canes, or applied to finished glass pieces
for amazing and intricate color effects (Figure 1).

In this paper, we discuss VirtualGlass1, a program which can
help glassblowers design cane and plan how to use it. We target
our tool at glassblowers who have good basic skills, but have
little-to-no experience actually creating cane.

The workflow in our tool mirrors the workflow in the glass
studio (Figure 2), with the important difference that in our tool,
nothing is immutable (e.g. you can go back and change the
colors if the final piece doesn’t look right). This encourages
users to experiment and explore without worrying about avail-
able shop time.

Our software serves several purposes: foremost, it is a tool
for design and ideation, specifically tailored to the constraints
and processes of glass cane; additionally, it can help users to
understand existing cane by attempting various creation meth-
ods; and, finally, it can be used as a communication tool, to
explain goals to others helping in the glass studio.

2. Background

One of the foundational functions of computer graphics has
been to help creative people design things more effectively.
While the kind of general purpose 2D and 3D creation programs

1http://virtualglass.org

envisioned by early pioneers (e.g. [1]) are readily available to
everyday users, domain-specific design programs can still pro-
vide additional benefit. Developing a modeling package with a
specific set of users in mind also enables the set of operations to
be oriented towards the users tasks and constraints. Computer
systems for cel animation [2, 3] were designed around multi-
person workflows and asset reuse – both essential for rapid-fire
television production. Plushie, a stuffed-toy design application,
accounts for domain-specific quirks like shape change due to
cloth stretch and pattern layout [4]; whereas a knitted creature
design variation calculates stitch-counts [5].

As a fluid with a dramatically varying viscosity, hot glass
could be simulated effectively with traditional techniques for
fluids with changing states (e.g. [6]). The Museum of Glass in
Tacoma, Washington has a website that introduces users to the
steps of glass-blowing using interactive animations, allowing
color customization.2 The Glasmuseet Ebeltoft, a glass mu-
seum in Denmark, has an interactive tabletop computer that al-
lows visitors to engage in touch-based glass design as part of

2http://museumofglass.org/document.doc?id=142

Figure 1: Two applications of cane by master glassblower Lino Tagliapietra.
The form on the right uses cane inspired by an early version of our tool.

Preprint submitted to Computers & Graphics May 21, 2015
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its “World of Glass” exhibit opened in 2010.3 The “Digital
Glass Blower” allows users to heat a piece and adjust its size
and shape by touch or using tools, as well as adding color to re-
gions of the vessel. This exhibit focuses on the shaping of glass
forms, and only supports limited color application techniques.

3. Interface

Our interface is divided laterally into three parts (Figure 3).
The leftmost part – the library – provides an overview of the
colors, canes, and pieces designed during this session; it also
indicates the current object and its dependencies/dependants.
The middle and right parts (the editor and preview, respectively)
change depending on the type of the current object. We describe
their functions below.

Figure 3: The parts of our interface: (a) the library, which provides selection;
(b) the editor, which changes depending on the selected object; and (c) the
preview.

3.1. Color

Most colored glass is produced
by a few companies and dis-
tributed in the form of color rods.
Glass color is expensive ($30-$50
a rod) and difficult to mix to form
intermediate shades. As such,
most glass artists only have ac-
cess to (or want to buy) a few col-
ors, and those colors are most likely drawn from the catalogue
of one of a few manufacturers.

Thus, our editor for color shows a dropdown menu to select
manufacturer (Reichenbach, Gaffer, or Kugler) and color type
(transparent/opaque), and a list containing swatches mimicking
the appearance of the currently selected color set. The lists of
colors are stored in extrernal files in a human-readable, JSON-
based format. Users can create and load their own color lists in
this format using the interface.

3http://www.glasmuseet.dk/en2010/events/world-of-glass.

html

3.2. Canes
When creating cane, glass artists first set up an internal color

pattern in a compact layout. The glass in this pattern can be
clear glass from the furnace, colored glass rods, or even sections
of previously created cane. This pull setup is then stretched or
pulled into a long rod – the finished cane.

Our interface represents these many construction scenarios
uniformly as canes. Canes describe the location of colored ele-
ments in the cane layout, and the amount of twist applied to the
layout during the pull. The cane itself remains an abstraction of
a real cane: the radius and length of the pull plan are unspec-
ified. This is done for ease in designing pickups (discussed in
the next section), as it allows canes to be used freely in pickups.

Our editor for pulls promi-
nently features a 2D schematic,
while the preview portion of the
interface shows a 3D side view of
the resulting cane. The schematic
view provides easy manipulation
of the internal structure of the
cane, while the side-view shows
how twisting will affect the internal structure.

The overall structure of the cane’s layout can be selected
from a library of common layouts. These layouts are further
customizable by sliders that vary, for instance, the number of
color bars used or the width of the clear casing around the out-
side. The individual elements of the cane (colors or other canes)
are selected by dragging from the library into the schematic
view. Users can also choose to customize a layout completely in
an alternate view, allowing new elements to be added, deleted,
moved, and rescaled.

3.3. Pickups and Pieces
Once cane has been made, it is cut into sections, and these

sections are arranged into a pickup that will be heated, picked
up, and blown into a piece.

Our editor for pickups works in
much the same way as the editor
for canes; a pickup layout is se-
lected and customized and canes
are dragged from the library to
fill it. The pickup editor occupies
the center view of the interface,
paired with a piece editor in the
right view. The piece editor visualizes the pickup shaped into a
piece. The piece’s shape can be selected from a library of com-
mon shapes, parameterized by popular manipulations done to
real glass pieces.

For example, the vase shape has two parameters: the diame-
ter of the body (corresponding to how much air is added when
blowing), and the diameter of the lip (which can be flared to
various radii with a hand tool). Increasing the size of the body
is done by blowing air into the closed vessel, while increasing
the lip diameter is done by working with a handtool to bend
the glass outwards. This variety of forms and parameters is im-
portant, because the distortion of the cane caused during the
inflation process can dramatically change its appearance.

2



19

Figure 2: A glass piece with cane decoration is planned in our program (top), then executed in the hot shop (bottom). Columns show the steps corresponding to
each of our interface sections.

Piece shapes are represented as curves spun around an axis.
Shapes can be customized completely in an alternate view that
gives users access to add, remove, and modify underlying spline
control points.

4. Implementation

Under the hood, our system uses a DAG (directed acyclic
graph) to represent each cane. Leaf nodes of the DAG corre-
spond to color bar. Each internal node corresponds to a cane
with specified twist; thickness and color of casing glass; and
pattern of subcanes. For each subcane in the pattern, a pointer
is stored to another DAG node. This allows canes to include
canes created previously. We enforce the acyclic nature of the
DAG so that no cane may be a subcane of itself. The result-
ing dependencies between objects, for instance, which canes
are used in a piece, are represented in the library view of the
interface.

To generate a 3D mesh for a cane, first 3D meshes are gen-
erated for all child nodes. Then these meshes are translated
and scaled to their proper position within the pattern, cylindri-
cal geometry is added for the casing, and twist is applied. For
color bar, only cylindrical geometry is generated (as there are
no child nodes). The resolution of the generated geometry is
set heuristically based on the amount of twist and scaling that
will be applied to the mesh. A background process continually
rerenders geometry at increasing resolutions, allowing users to
optionally view extremely high-resolution renderings simply by
waiting a few additional seconds.

To generate a 3D mesh for a cane, first 3D meshes are gen-
erated for all child nodes. Then these meshes are translated and
scaled to their proper position within the pattern, cylindrical ge-
ometry is added for the casing, and twist is applied. For color
bar, only cylindrical geometry is generated (as there are no child
nodes). The resolution of the generated geometry is set heuris-
tically based on the amount of twist and scaling that will be ap-
plied to the mesh. A background process continually rerenders
geometry at increasing resolutions, allowing users to optionally
view extremely high-resolution renderings simply by waiting a
few additional seconds. To generate a 3D mesh for a cane, first
3D meshes are generated for all child nodes. Then these meshes

are translated and scaled to their proper position within the pat-
tern, cylindrical geometry is added for the casing, and twist is
applied. For color bar, only cylindrical geometry is generated
(as there are no child nodes). The resolution of the generated
geometry is set heuristically based on the amount of twist and
scaling that will be applied to the mesh. A background process
continually rerenders geometry at increasing resolutions, allow-
ing users to optionally view extremely high-resolution render-
ings simply by waiting a few additional seconds.

When generating geometry for a pickup, different lengths of
cane are requested from the DAG nodes to fill different length
spots in the template. Dropping a cane into a pickup generates
a version of the cane with appropriate length and diameter for
the location. Diameter is adjusted by scaling, but length cor-
responds to a specified z-interval of the cane: shorter lengths
of cane have fewer twists. The final piece geometry is created
by deforming the pickup plan geometry, according to the cho-
sen shape and parameters. Pickup geometry is transformed ac-
cording to the requested into a piece. Pieces have a variety of
shapes, and each shape has a set of parameters that fine-tune
the transformation of the pickup into the desired shape. These
transformations are approximately volume-preserving. For ex-
ample, a large-diameter bowl will have thinner walls, changing
the appearance of the cane’s internal structure through flatten-
ing.

Because of the underlying graph-based representation of col-
ors, canes, pickups, and pieces, designs can be stored com-
pactly, and users have the option to save their designs in a
human-readable, JSON-based file format. Users may choose
to save a single design or many, and a dependency analysis en-
sures that all objects used in the design are saved along with
it.

5. Results

The software was used in the design of a number of canes,
pickups, and pieces (Figures 2, 4, 5, 6, 8). Figure 8 demon-
strates a small design space explored in the software. Even in
very complex pieces, the software is fast enough to allow real-
time movement and modification of a piece in the editor.

3
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The majority of glassblowers currently use hand drawings to
plan their designs, and verbal descriptions are used to explain
to team members the parts composing a finished piece (mov-
ing from a pickup to a finished piece usually requires two or
more people). Giving the software to a number of experienced
glassblowers, we observed the software being used in a num-
ber of ways in the glassblowing process: as a visualization tool
(Figure 4), a design tool (Figure 5), and a communication tool
(Figure 6).

A perfect correspondence does not always exist between the
designed and executed pieces. Some of these differences are
due to the glassblower making additional design decisions dur-
ing the creation of the piece (e.g. Figure 4); while others result
from modeling pieces using simple analytic functions (e.g. the
slight twist in the cane in Figure 5 is a common production ar-
tifact, but is not modeled).

Glassblowers can also use our system to “reverse engineer”
canes by experimenting with possible production processes and
internal patterns. In Figure 7, a hand-drawn diagram of cane
patterns belonging to the zanfirico style are shown, as well as
several reproductions in our interface.

6. Evaluation

In order to evaluate our interface, we asked glassblowers to
try it. Subjects were presented with a laptop computer with
mouse and the software loaded. Each subject was first asked
to produce a specified set of three canes and one bowl (ex:
“An opaque cane with color R-61 Extra Enamel White Opaque
cased in R-100 Lead Crystal (Clear).”). Next, the subjects were
asked to create four sets of three objects with a common theme
(ex: “Three pieces with the same shape but different canes.”).
Finally, an open-ended task was given in which the subject was
asked to create a cane, pickup, and piece of their own design.

Five subjects aged 23-55 with glassblowing skills ranging
from novice to advanced were asked to complete the list of
tasks. All subjects were able to complete the entire list of tasks

Figure 4: A piece with dark purple and pink twisted cane, designed (top) and
created (bottom) by an intermediate-level glassblower. Our interface inspired
the glassblower to try a pickup with perpendicular canes. The glassblower vi-
sualized the pickup on a cup during design, but decided during production to
flare the top.

in less than 90 minutes. Afterwards, each subject was given a
questionnaire about their experience using the software. The
questionnaire contained 19 questions for evaluating engage-
ment derived from those suggested by O’Brien, et al. [7] and
5 questions for measuring workload from the NASA TLX [8].
Aggregate user response means in six categories of engagement
and five categories of workload on a 1-5 scale were computed,
with 1 corresponding to most negative, 3 neutral, and 5 strongly
positive. For instance, a score of 5 for the involvement category
indicates that the subject felt highly involved in using the soft-
ware, while a score of 5 for the effort category indicates the
subject felt that completing the tasks required very little effort.
Scores for each category were computed by averaging the re-
sponses by all subjects to all questions belonging to the cate-
gory, with workload categories containing one question each.
The results can be seen in Tables 1a and 1b.

Engagement
Category Score

Focused Attention 4.4
Perceived Usability 3.9

Aesthetics 3.6
Endurability 4.0

Novelty 4.1
Involvement 4.4

Workload
Category Score
Mental 3.0

Physical 4.8
Performance 4.4

Effort 3.2
Frustration 4.4

Table 1: Aggregate data of subject engagement and workload while using the
software, measured by responses to a questionnaire completed after the study.
Results in both tables are on a 1-5 scale of the software’s performance, with 1
being most negative and 5 being most positive.

We also asked the subjects what they did and did not like
about the software. Subjects responded that “I like the idea
of being able to more easily visualize the results of design de-
cisions without having to execute them in glass” and that they
“enjoyed the fact that this will be useful to making glass”. How-

Figure 5: A striped cup, designed and created by an advanced glassblower who
seldom uses cane (bottom). The glassblower had the purple and blue canes on
hand, and modeled them in our program (top) before deciding on a pickup and
shape.

4



21

Figure 6: A complex cane designed in our interface and created by an expert
glassblower. In this case, the design was used to communicate the intent of the
expert to others present.

Figure 7: Hand-drawn diagrams of various zanfirico-style cane patterns
(black), as reverse-engineered in our software (green).

ever, a common complaint was that there was no way “to delete
unused work/mistakes.” (We have since added a delete func-
tion.)

In total, subjects found the tool to be useful for exploration
and visualization of cane and piece designs. One subject enthu-
siastically remarked, “I found I had to keep going back to the
[task] list, because I wanted to keep going off and playing with
the designs.” The shortcomings of the software noted by the
subjects were primarily related to missing features such as the
ability to arrange and delete designs, create new pickup layouts,
and the ability to save and load designs. We have since added
the ability to delete designs, as well as save and load designs.

7. Discussion

In this paper, we describe a tool which enables glassblowers
to rapidly experiment with cane design. This tool allows glass

artists to play with glass cane virtually, so they can make the
most of their limited hot shop time and glass color budget.

From a technical standpoint, one of the greatest limitations of
the software is the rendering. While our rendering is suggestive
of the finished structure and appearance of the glass pieces, and
performs at interactive frame rates, it falls short of predictive
display. In the future, a data-driven model of glass color could
be constructed to rectify this deficiency. Better modeling of the
interplay between light and glass, including the refractive prop-
erties of glass, would also give an improvement in the realism
of the rendering.

While the software contains a basic set of common cane se-
tups, pickups, and piece shapes, the set is far from being com-
prehensive. In particular, although users can customize cane
layouts and piece shapes to some extent, the ability to com-
pletely customize the these, as well as pickup layouts would
allow glassblowers to further experiment and explore glass de-
signs.

Of course, being able to design a cane in our software does
not imply that a glassblower can create or apply that cane suc-
cessfully in the studio. The manual dexterity required to bal-
ance and shape glass, the understanding required to properly
manipulate internal heat in a setup, and the control required to
create perfect forms from pick-ups – these only come with ex-
perience. With this in mind, perhaps the most important feature
of our system is that it gets glassblowers excited about cane.
Everyone we have demonstrated the system to has gotten ex-
cited about using cane for the first time, adding to their stable
of designs, or experimenting with a new pick-up style. And
while this excitement may lead glassblowers reach beyond their
ability, even their failures will pay dividends in skill.
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Figure 8: A matrix of pieces designed in the software, varying by shape, pickup, and cane composition.
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Abstract 

 
In general a tiling is considered to be a set of tiles placed next to each other on a flat surface. The tiles are placed on 
the surface in such a way that there are no gaps and no overlaps. We consider the case in which the surface is not 
flat For when there are no gaps and no overlaps between the tiles we still can call it a tiling. The consequences for 
the possible shapes of the tiles in non-flat tilings as the possibility to build columns with one type of tile only are 
discussed in this paper. 

 
1.  Tilings 

 
1.1. Definition.  A tiling, or tessellation, is a covering of a plane without gaps or overlaps by polygons, all 
of which are the same size and shape. That is one of the definitions of a tiling. Another definition is the 
following: Tiling: a pattern made of identical shapes; the shapes must fit together without any gaps and 
the shapes should not overlap. Although the second definition doesn’t speak about a plane, it is mostly 
assumed that the tiles do cover a plane. But we can take the definition literal, and then the only conditions 
are that the tiles do not overlap and do not leave gaps. Tilings in which all the tiles have the same shape 
are mostly called monohedral tilings [1]. All tilings in this paper use a single, planar, polygonal tile, and 
these tiles are connected edge-to-edge so that they form a water-tight 2-manifold; the edges can join with 
different dihedral angles. Thus the resulting manifold can be perfectly flat (Figure 1) or can have some 3D 
structure (Figure 2). Furthermore, the overall shape can have topology of the infinite plan (Figure 2) or 
have the connectivity of a cylinder of finite diameter (Figure 3) – forming structural columns.  
 

 
 
Figure 1:  L-shaped tiles.                  Figure 2:   A non-flat tiling.           Figure 3: Cylindrical tiling. 
 
1.2.   Non-flat tilings.  Besides the possibility shown in Figure 1, where the tiles are put together in such 
a way that they cover a flat plane, there are a few more ways to put the tiles together under the condition 
that we do not want overlaps or gaps in the construction. In Figure 2 the L-shaped tiles are set up in such 
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a way that we can make a three dimensional construction. As you can see the structure is made out of 
identical shapes. The tiles do not overlap and there are no gaps in the structure. To call it a tiling in the 
traditional way, the only remark one can make is that it is not a covering of a flat surface. But it still is a 
tiling. Also when we combine the tiles in the way shown in Figure 3, the resulting structure is a tiling.  

 
2.  Monohedral Cylinders 

 
2.1.  Stacked Polyhedra.  The inspiration of such columns may come from stacking regular polyhedra 
such as the Platonic solids (Figure 4). In doing so one would remove the faces by which the polyhedral 
are joined; the remaining faces then again constitute a 2-manifold in the form of a monohedral tiling 
(Figure 5).  
 

 
 
Figure 4:  Dodecahedron and cube.       Figure 5:   Stacking polyhedra.          Figure 6: Compressing. 
 
Figure 6 shows that if regular polyhedra are joined while allowing them to intersect each other, they can 
still result in a regular tiling pattern on the resulting surface, if their respective orientation is carefully 
chosen. Note, that the cubes are now stacked along their space diagonals. In the case where we started 
with the cubes we end up with a column built with the same L-shaped tiles as in Figure 3. Two ways of 
using the L-shaped tiles to build a column are shown in Figure 7. 
 

 
 

Figure 7:  Columns built with L-shaped tiles. 
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3.  Helical Columns 
 

3.1.  New shapes for cylindrical tilings.  To create new and more interesting shapes of tiles for 
cylindrical tilings I developed the following method: First draw a normal helical curve. This curve is 
divided in equal parts. After that draw a straight line from the start point of the first part to the start point 
of the next part. And so on. Then extrude these straight lines downwards in a conical direction towards 
the axis of the spiral, as in Figure 8a. We need this basic shape that is needed to construct the shape of the 
tiles for the cylindrical tiling. Turn the shape of Figure 8a upside down and add it to the original shape 
(Figure 8b). Both shapes do intersect, and from the intersection lines we can derive the final shape of the 
tile (Figure 8c,d). We show the completed tiling in Figure 9a. The shape of the tile is a non-convex 
hexagon which will not tile a plane. New tilings, of which we can see several examples in Figure 9 and 
10, are created this way. To develop the variety of shapes I used the 3D drawing program Rhinoceros and 
the programming tool Grasshopper. In the programme the radius and the pitch of the helix can be 
adjusted, as well as the distance between the division points. Finally the length of the extrusion can be 
chosen. Setting the values for these variables will deliver the final tile automatically. In Figure 9 and 10 
only a few examples are shown.   

 

 
 
Figure 8a,b,c,d:  Developing the shape of the tile for the helical tiling of a column. 
 

 
 
Figure 9a,b,c,d:  A few examples of the possible shape of the tiles derived from the Grasshopper definition. 
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Figure 10:  Monohedral helical tiling. 
 

4.  Sculptures 
 

4.1.  From virtual to real.  For an assignment I designed a collection of seven sculptures which have to 
be placed aside a river in the Netherlands. I decided to use the Grasshopper program to develop the 
collection of the seven different tiles (Figure 11). I then built the models by laser cutting the pieces out of 
paper. To make the models you just cut a strip of tiles and roll it into the final shape. 
 

 
 

Figure 11:  A collection of seven columns which will be build in Corten steel. 
 

4.2.  The steel sculptures.  The next step is the making of the steel sculptures, of height about 3.3 meters. 
The parts, which are all equal, are cut out by laser cutting and welded together. Figure 12 shows the first 
sculpture placed near the water. 
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Figure 12:  One of the seven sculptures made in Corten steel. 
 

5.  Equilateral Triangles as Tiles 
 

5.1.  Stacked Antiprisms.  Another approach to develop helical colums with one shape of tile starts with 
stacking antiprisms (Figure 13).  
 

 
 

Figure 13:  Stacks of antiprisms. 
 

In their book “Infinite Polyhedra” [3], Wachman, Burt and Kleinmann show that another group of infinite 
cylindrical polyhedra can be made by the use of helicoidal strips of equilateral triangles. In fact you can 
create this structure by shifting the point of connection when you create the column from a sheet of paper 
folded in a pattern of equilateral triangles (Figure 14). Figure 15 shows the difference of the two ways of 
connecting. 
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Figure 14:  Shifting the connection.                          Figure 15: Before and after shifting. 
 

 
 
Figure 16:  Folding the tetrahelix.                    Figure 17: Helical deltahedra. 
 
5.2.  Folding.  So when we use folding sheets with equilateral triangles as the technique to create the 
helical columns, the thickness of the final column is determined by the number of parallel strips in the 
sheet. 

 
6.  New Uniform Polyhedra 

 
6.1.  The discovery of a new series of Uniform Polyhedra.  We can extend the folding technique to 
allow intersecting. This idea was essential for my discovery of the new  series of Uniform Polyhedra 
which I presented at the Bridges Conference in 2013 [4]. Instead of connecting the edges after folding the 
paper once (Figure 18), we can go on with the folding process (at least in the virtual world) until the 
edges meet again (Figure 19 and 20), essentially winding twice around the helix axis. 
 

 
 
Figure 18:  Helical column.  Figure 19:   With intersecting.           Figure 20: Uniform polyhedron. 
 
6.2.  Making models. These so-called Helical Star Deltahedra have two properties in common: they 
have only regular faces (all faces are equilateral triangles) and all vertices are congruent (at each vertex 
six triangles are joined together). Therefore it is relative easy to build models of these object. The first 
way to do this is with double-triangle paper elements, made by laser cutting (Figure 21). 
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Figure 21:  Making the paper model. 
 
6.3.  Many possibilities. Depending on the number of strips, the number of shifts and the number of 
times you fold before you connect, you can create all the different helical star deltahedra. The group has 
an infinite number of members. We show two more in Figure 22 and 23. 
 

 
 
 Figure 22:  Helical Star Deltahedron.     Figure 23: Helical Star Deltahedron. 
 

7.  Sculptures 
 

7.1.  Gathering for Gardner.  After making the designs and the first paper models I was able to create 
bigger sculptures using this idea. I based the first one on the edge model of Figure 24. In this set up only  
one type of connector is present, and all pipes between the connectors have the same length. I made all 
connectors for the final sculpture with a 3D printer. 
 

 
 
 Figure 24:  Edge model.             Figure 25: Sculpture at G4G10. 
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7.2.  Elblag, Poland.  To be able to make the steel sculpture, I first made a 3D printed model. 
 

 
 
        Figure 26:  Printed model.     Figure 27:   Detail: star shape.              Figure 28: The Welded star. 
 
And with this model I could instruct the steel workers to assemble the final sculpture. 
 

 
 
     Figure 29:  Connected triangles.                Figure 30:  The making of the sculpture for Elblag. 
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Figure 31: Sculpture in Elblag, Poland. 
 
7.3.  Non-flat Tilings.  I think the most fascinating aspect of this project is that we see that with the 
limitation of using one type of tile for a three dimensional construction the number of possibilities is still 
unlimited and it leads to interesting unexpected sculptures. 
 

References 
 

[1]  Grünbaum and Sheppard,  Tilings and Patterns,  W.H. Freeman and Company, New York, 1987. 
[2]  Rinus Roelofs, Non-flat tilings with flat tiles, Bridges Proceedings, Banff, 2009.  
[3]  Wachman, Burt and Kleinmann, Infinite Polyhedra, Technion, Haifa, 1974. 
[2]  Rinus Roelofs, The discovery of a new series of Uniform Polyhedra, Bridges Proceedings, Enschede, 
2013. 



32



33

Reverberation of an Object 
Shane Bearrow1, Gabriel Esquivel2 

 

Texas A&M University Department of Architecture 
 
 

 
Fig 0. Reverberated Object fabricated in C glass and resin with applied pattern. 

 
Abstract 

“Reverberation of an Object” is, in part, an analysis of Graham Harman’s object-oriented ontology, 
through which a natural object is stripped of its ontology through a series of craft iterations. The basic 
idea of this project was to conduct a series of drawing exercises going from analog to digital in order to 
produce a unique object. This process was inspired by Robin Evans’ essay “Translations from Drawing to 
Building.” All steps in the process were unique, though clearly traceable and geared toward the autonomy 
of an architectural object. Similar to De l’Orme’s Diane de Poiters interior, diagrammatic parallel 
projections guided the object through instances of dimensional, textural, and shape shifting before it 
reached its final destination. Through a drawing-governed evolution, an object was born governed by 
methodological iterations, thus the use of the word “reverberations.” This object exhibits transplanted 
characteristics of its source while appearing strange and difficult to read, ultimately enhancing its appeal. 
 

Introduction 
We are in a moment where architecture is redefining its position, moving from a subject-centered and 
systematic discourse to an object-oriented situation. Objects need not be natural, simple, or indestructible. 
Instead, objects will be defined only by their autonomous reality. They must be autonomous in two 
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separate directions: emerging as something over and above their pieces, while also partly withholding 
themselves from relations with other entities (1). Object-oriented ontology (OOO) is a metaphysical 
movement that rejects the privileging of human existence over that of nonhuman objects (2). Specifically, 
object-oriented ontology opposes the anthropocentrism of Immanuel Kant's Copernican Revolution, 
whereby objects are said to conform to the mind of the subject and, in turn, become products of human 
cognition (3). 
 
Harman’s object-oriented ontology opens up a unique possibility for rethinking the peculiar problems 
associated with the problem of nature. A return to the object would have to be understood as a turning 
away from a mythological or sentimental understanding of nature toward the particularities and the 
essential strangeness of the objects themselves. In this particular project, the use of a seashell, an object of 
nature, was a deliberate selection. By submitting this “natural object” through a series of drawing 
translations, a new object related to its autonomous drawing process rather than nature was created. This 
object doesn’t operate in normative representation.  
 
A return to the architectural object as a disciplinary priority cannot be a nostalgic return to pre-modern 
academic preoccupations with character, propriety, and the idealities of a compositional balance. Nor is 
this return to the object a simple return to figuration and detached massing. “Object” here should not be 
understood in a literal sense. 
 
Successful object making cannot be completely encapsulated by a methodology that might repeat the 
success. There are diverse methodologies to investigate. This object operates outside of formal indexical 
operations. As a non-theoretical interaction between the maker as an object and the various objects of the 
making process, “craft” is the ambiguous word that has, in the past, identified the unique expertise of the 
maker in the relationship to the material. This where the relationship between Evans’ position in regards 
to drawing in terms of inventing complex drawings is what we have referred to as the architect’s craft and 
the object-oriented ontology that allows for the theoretical revisions of the future of an architectural 
object. 

 
Translations of Drawing to Architecture 

 
“Drawing in architecture is not done after nature, but prior to construction; it is not so much produced 
by reflection on the reality outside of drawing.” 
Robin Evans  
In the essay “Translations from Drawing to Building,” Robin Evans argues that the hegemony of drawing 
over the architectural object has never been challenged. The discussion goes further into introducing the 
idea that the architecture drawing does not operate in classic representation but precedes the architectural 
object, creating a complex relationship between objects—drawing and object. This project relied on the 
ability to flatten and abstract, to distance itself from the object, and to produce friction between objects 
and their mutual representations. This project is about a mixture of hand-crafted and computer aided 
techniques, a kind of low-fi and hi-fi project. 
 
Evans discusses a precedent that influenced this process. The characteristics and relationship between the 
dome and paving pattern of the Royal Chapel at Anet by de l’Orme upon close analysis are deceptively 
difficult to describe using structural, geometric, or stylistic terminology. The “expansion of lozenges, rib 
thicknesses and angles of intersection” were determined protectively, through the rigorous use of 
stereotomic diagrams generating the complex, hippopede governed patterns through an extrusion of 
simple, familiar line work (4). The intricate dome articulations were then projected into the pavement and 
enlarged, and then excess overlap was removed, allowing the pattern, and thus projections, to move full 
circle (two dimensional [2-D] to three dimensional [3-D] and back to two dimensional; see Figs. 1 and 2). 



35

Through this commission, a new mode of architectural drawing was established in which a diagrammatic 
matrix was installed, strict though malleable parameters were constructed, and unpredictable yet 
controlled and intentional results were obtained.  
 

 
Fig 1. Dome. Anet—Le château de Diane de Poitiers. By De L’Orme, 

Copyright © Argazkilari 64, 2010, all rights reserved, reproduction interdite, même partielle. 
On explore 20 janvier n° 285. 

 

 
Fig 2. Floor Pattern Anet—Le château de Diane de Poitiers. By De L’Orme, 
http://www.studyblue.com/notes/note/n/arch-history-exam-3/deck/1356922. 

 
According to Evans, “Despite the possible astronomical roots or symbolic backing of the parallel 
projections, the architectural meaning and likeness are preserved through the process making the 
transportation from idea to construction successful and compelling” (5). 
This project used a similar process of dimensional translation. While the Royal Chapel at Anet started two 
dimensionally, the drawings were ultimately derived from three-dimensional mediums that were, in 
consequence, flattened in Pepakura Designer System, which is not a commonly used software for this 
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type of operations, producing the official point of diagrammatic departure. Also similarly, once the 
pattern was transferred through the first parallel projection channel creating a three-dimensional object, a 
rectilinear, seemingly flattened diagram followed. Whereas l’Orme’s project went full circle once, the 
present model did so twice, cycling through various iterations of dimensional status and quality of line 
work, removing from the object its familiarity without sacrificing its integrity. While the dome and 
paving of Anet look deceptively similar (despite the removal of excess intersections), the iterations of 
Reverberation of an Object look deceptively different (6). The digital and craft-oriented shifts are 
motivated completely by the shell as an object, despite the suggestion of the seemingly alien end product.  

Methodology 
 

Cut Lines. 
The project began with the observation of seashells in an attempt to understand their characteristics in 
terms of form, acoustic properties, and surface texture. The next step involved selecting which seashells 
would be modeled in Maya, initially replicating dimensions, form, and surface nuances (see Fig 3). 
 

 
Fig 3. Original Seashells and Maya Models. 

 
Hi-Fi Technique. 

Then the shells were flattened in Pepakura Design System, which translates 3-D data into a 2-D printable 
format, stripping their ontology through the removal of qualities attributed to seashells. The methods of 
capturing the model are often unique to the object and the tools available. In this case, the textures and the 
wire frame model were, as mentioned earlier, created in Maya and arranged in Rhino before being 
exported to Pepakura Design System. Before exporting the file from Rhino, all higher-order geometry 
was converted into polygon meshes (see Fig 4). The 3-D model needed to have correct (outward-facing) 
normals and correct (counter-clockwise, right-hand-rule-out) polygon vertex order, and adjacent polygons 
had to meet in a water-tight fashion with no cracks or edge vertices that belong to only one polygon (see 
Fig 5). 



37

After this, the model was refined to give the proper layout and construction tabs that would affect the 
overall appearance and difficulty in constructing the model. The properties that were modified were the 
following: 
a. Three dimensional became two dimensional (several planes vs. one plane). 
b. Coarse/rough became smooth. 
c. Curves became rectilinear. 
 

 
Fig 4. Process from selected seashells, the first Maya models, and the unfolded flattened model. 
 

 
Fig 5. Pepakura Model. 
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Low-Fi Technique 
Three-dimensional moments were then injected back into the Pepakura Design System planes, giving the 
model the appearance of a “cubist” object. Once the file was ready, the 2-D version was printed out on 
110 lb cardstock and cut out using a laser cutter. This mass reinterpretation suggests that rather than using 
digital technology to reverse engineer the construction of the complex form, the digital tools should 
become a mechanism to better understand material and fabrication potential. It is an argument for 
developing and refining precise parametric systems of material properties, tooling/fabrication behaviors, 
and construction contingencies and using them to forward engineer use and architectural form. It is in 
essence an argument for architects to begin developing systems of constructional knowledge, by and 
through which we can design. 
In general, the areas of the original model with the highest absolute Gaussian curvature generated the 
most deviation in the Pepakura Design System and required the most additional cut lines. In general, a flat 
plane, or any surface extruded from a 2-D curve, will have zero Gaussian curvature; however, the shell 
models that were used had some absolute Gaussian curvature. The flattened model was imported into 
Maya, and the process of cut lines and line work began (see Fig 6).  
 

 
Fig 6. Relationship between cut lines and surface line work in Maya. 
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Fig 7. Three flattened objects with their corresponding Maya Models. 

 
The three shells were merged through line work and the connection or rhythmical movement of one 
nuance into another. The fabric was then fractured, and the pieces were reassembled, giving mass and 
spatial variation to the object. Using the rigid line work of the Pepakura model, fragments were stitched 
(see Fig 7). 
The most important guideline for the next exploration back to Maya was the use of the cut lines from the 
Pepakura model. These lines were transferred to the Maya polygonal surface as line work that would be 
interpreted as edge loops to give by creasing specific definition and articulation to the digital 3-D model. 
 

Line Work and Edge Loops 
Once in Maya, an important part in developing proper edge loops involved understanding poles. The E(5) 
Pole and the N(3) Pole were the two most important poles in developing both proper edge loops and a 
clean topology on the model. The E(5) Pole was derived from an extruded face. When this face was 
extruded, four 4-sided polygons were formed in addition to the original face. These pole theories allowed 
the reinterpretation of the line work into edges for definition and creasing to be more precise. 
 
The dimension in terms of how high the edge loops should be pulled was taken from the Pepakura model. 
Several commands were used to work with the edge loops; the Select Edge Loop Tool and Select Edge 
Ring Tool, as well as the Offset Edge Loop Tool and the Insert Edge Loop Tool, use a variety of criteria 
for the selection of the various edge types, depending on the specific model and modeling style. Users can 
crease or harden the edges on their polygon meshes (see Fig 7). The final goal was that the object be 
strategically tightened through subdivision modeling. The final result was an object represented as a 
product of the “craft” of drawing with a new ontology different from the seashells (see Fig 8). 
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Fig 8. Complete non-linear process from the seashells, flattened objects, Papekura Design System Model , 

and final composite of new ontology Maya model. It is important to observe the different object 
representations from a 2D line drawing to a 3D polygonal model as well as the point when the Papekura 

analog model was generated. 
 
After the new object in Maya was developed from the composite of the three original seashells, several 
sections were cut to study the object even further (see Fig 9).  
 
The final step was the pattern application that came from a 2-D study of the shells and their flattened 
patterns. The textures and nuances of various distorted seashells were flattened uniformly, generating 
fragments of line work that were bridged strategically to remove any doubt of unity (see Fig 10). This 
pattern was applied to the object using the stencil function within ZBrush. Group loops were generated 
based on this pattern, allowing the crisp application of a shell-reminiscent color scheme. Noise was 
applied to selected brushstrokes as well as the texture of the object, reinstating the porosity discarded 
during the primary Pepakura flattening phase. Initially, the qualities essential to the object were removed, 
only to be returned in different proportions and states throughout its evolution (see Fig 11). 
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Fig 9. New Object Sections. The are different object representations using ZBrush as a way to represent 

the 3D digital model as a conventional analog drawing. 
 

The motivation for taking the steps between 3D to 2D is mainly because of two reasons, the first convert a 
three dimensional object into a two dimensional drawing using a computer aided technique and  transform 
the two dimensional drawing into an analog three dimensional object using a hand-crafting technique.  
The Second reason is to demonstrate that in architectural object making there are a series of possible 
translations using a hi-fi/low-fi methodology that can be applied in different scales.   
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Fig. 10. Preliminary pattern to be imported to ZBrush. 

 

 
Fig. 11. Final Object with ZBrush Pattern. 

 

 
Fabrication using Composite Materials and pattern application. 

 
After generating the object in Maya, a section cut was taken through an area and exported it to Rhino.  
Once in Rhino, the exterior and interior shells of the building were sliced into 5 4" fragments allowing a 
workable depth for the CNC router. Then exported the sections to Mastercam, which programs the CNC 
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and rendered the slices in foam, which were glued together to create the molds for both the interior and 
exterior shell. 
  
After flattening the shell-inspired pattern in Zbrush, this pattern was overlaid on top of the flattened 
Pepakura Design System linework, scaled the image to match the scale of the model, printed, and applied 
to the model using resin and an additional layer of C-glass. The base of the model was cut with CNC out 
of foam, similar to the mold of the interior and exterior shells. (see Fig. 12) 
 
The fabrication began with the use of specific materials like fiberglass and C-glass reinforced with a 
matrix (resin) specifically epoxy, fiberglass and polyester. Following this material combination we 
created a CNC milled mold derived from the final object exploration. We applied the soaked C-glass onto 
a Styrofoam mold covered with truck bed lining, to prevent the resin from corroding the Styrofoam and 
also to spray the smooth lining surface with de-molding spray to assure an easy and clean removal of the 
C-glass. The goal was ultimately produce light, rigid and semi-rigid, and most importantly almost 
transparent pieces to be able to apply the ZBrush UV master unfolded printed pattern. (see Fig. 13) 
 

 
Fig.12. Fabrication Process 

 
It was decided to use Epoxy and Polyester resin, which fortunately feature an available working time 
from half an hour to four hours depending on the type of hardener one uses. These two resins also have a 
more sustainable aspect in terms of the amount of toxic material they release while curing. However, the 
Polyester proved extremely sensitive to the weather and presented difficulties to cure under hot and 
humid conditions. This sensitivity to weather left Epoxy as the resin to use. The direction of the C-glass 
fibers was also related to the line-work producing different rigid and semi-rigid areas. 
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Fig.12. Fabrication Process. ZBrush UV master unfolded printed pattern before applied to the fabricated 

model.  
 

 
While the first two coats of C-glass had been applied, we took the Rhino model, un-rolled it and with the 
make 2d function we were able to flatten the object with the pattern on. We added line work directly from 
the iso-mesh to serve as guideline to know where the 2d pattern had to be placed on the 3d model. After 
several printing experiments until we got the right scale and color we proceeded to apply to pattern on to 
the physical model. This process took about 12 hours and several prints until it worked. The final step 
was to add a new C-glass layer to protect the pattern. Once it cured, we de-molded the object from the 
foam base.   
The important argument in terms of fabrication using composite materials is in the way the line-work 
information gets interpreted at different stages; first as form, by reading surface from the lines (cut lines), 
then the iso-Mesh produces thickness and scalar articulation.  Surface performance structural and others 
are interpreted precisely from these nuances. These conditions and characters are taken directly into the 
design of the mold including the line-work that reinforces the structural performance of the surface and 
suggests the alignment of the C-glass fabric for performative reinforcement.   
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Conclusion and Future Work 

 
This project involved generating an object that departed from nature by changing its ontology at the end 
of the process. Use of the drawing craft presents alternatives for architecture to apply normative modes of 
production in a different way, through the combination of analog and digital presentations in 2-D and 3-
D. The most immediate future development that we will undertake is to fabricate our object using the 
CNC milling machine to create a base form made out of foam.  
 
After the prototype was built, we did a structural analysis using ABACUS, a software used by aerospace 
engineering, and determine the performative needs and properties of the object’s surface. Additionally, 
we are currently researching materiality concerns and construction techniques on an architectural scale. 
Once the properties of each material are deduced, our focus will shift to solving various technical 
challenges of fabricating parts of the object full scale. 
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Two thousand years ago, Platon described the five convex regular Polyhedra, the Tetrahedron, 
the Cube, the Octahedron, the Dodecahedron and the Icosahedron.  All of them except the 
Dodecahedron  can be constructed by folding paper, they are part of the traditional Japanese 
art of Origami. 

 
Tetrahedron  Cube 

 
Octahedron 

 

 
Dodecahedron  

Icosahedron 
 
The stellated regular Polyhedra were discovered by Kepler and Poinsot.  
Johannes Kepler, discovers in 1619 two non convex  regular Polyhedra:  
the Small Stellated Dodecahedra and the Big Stellated Dodecahedra (Kepler's stellation).  
Two centuries later, in 1809 Louis Poinsot discovers, two other non convex regular 
Polyhedra: the Great Dodecahedra and the Great Icosahedra. 
They are called regular for several reasons, the first one by tradition and the second one  
because every visible face (convex or Stellated regular pentagon, or equilateral triangle) is in 
a plane. 
The Small Stellated Dodecahedra has 12 faces (star pentagons called pentagrams), 30 edges, 
20 vertices. 
The Great Stellated dodecahedron has 12 faces (star pentagons called pentagrams), 30 edges, 
20 vertices. 
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The Great dodecahedron has 12 faces (pentagons), 30 edges, 20 vertices. 
The Great icosahedron has 20 faces (equilateral triangles), 30 edges, 12 vertices. 
They can be constructed by patterns thanks to the work of H.S.M.Coxeter (e.g. his nice book 
Regular polytopes) and the book   Polyhedron Models, by Magnus Wenninger. 
The aim of this work is to present a simple method to construct them by Origami. Our models 
are exact and are they are produced for the first time in this work and in a book for children 
that will appears very soon. I have developed these models in order to teach the Geometry in 
the high schools. My motivation comes since my teaching duty consist to form the future high 
schools teachers. I have presented my Origami method to teach Geometry in many 
Universities of 10 countries in four of the  five continents. This method was experimented in 
high school classes, pupils like a lot to construct the Polyhedra and can be able to explain 
many non elementary  properties of Geometry only by intuition  and by handling the model. 
Since we want to produce exact models of the regular Polyhedra by Origami we need a 
famous rectangle, called golden rectangle of size 1 by φ, where φ is the golden number, 
approximately we have that φ=1.6180339887.  The golden rectangle is famous because it is 
used in arts. Any rectangle proportional to the golden rectangle is also called golden 
rectangle. The golden number appears naturally in the regular pentagon. The quotient of the 
diagonal GI by the side GH is the golden number. The quotient of the side of the big pentagon 
JK by GK is the golden number. Also GI=GJ.           . 

.  
The classification of convex regular Polyhedra is based only in their group of rotations. This 
is not the case for Stellated Polyhedra. There are several Stellated Polyhedra with the same 
group of rotations, for this reason we can find many nice Stellated Polyhedra that could be 
called regular.  

 
The Delta small star 
Dodecahedron  
 

 
The Delta great  star 
Dodecahedron 
 

 
The Delta great  
Dodecahedron 

 
The Delta great  
Icosahedron 

 
For the construction of these Polyhedra please visit my web page: 
https://www-fourier.ujf-grenoble.fr/~morales/regular-polyhedra-english.html 
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Star Polyhedra. Stellation and Excavation. 
 
Roughly speaking to produce a star polyhedron from another polyhedron, consist to take a 
plane face of the  polyhedron and put outside a regular pyramid (process called stellation) or 
put it inside a regular pyramid  (process called excavation). 

 
Stellation 

 
Excavation 

 
Now I will speak more precisely about the regular stellations of the Dodecahedron and the 
Icosahedron which give very nice Polyhedra, among them the so called regular stellated 
Polyhedra or Kepler-Poinsot Polyhedra, and the third stellation of the Icosahedron. 
 A face of a convex polyhedron is the figure that we can see in a polyhedron which is 
contained in a plane. In the case of the Dodecahedron a face is a regular pentagon, in the case 
of the Icosahedron a face is an equilateral triangle.  
Let consider all the planes that contain faces of the polyhedron, we call it a face-plane of the 
polyhedron.  Recall that two planes non parallel cut into a line.  
The mathematician Coxeter fixed one of the face-planes of a polyhedron and draws in this 
plane all the lines resulting from cutting this plane with all other non parallel face-plane of the 
polyhedron.  
 
The Dodecahedron has only three stellations. 
 
For the Dodecahedron we have 12 face-planes, we fix one of them, then we have 10 lines 
because they are 10 face-plane cutting this fixed face-plane. The 11th face-plane is parallel to 
the fixed one. We get the following picture, the 10 lines and their intersection 
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From this picture we get all the stellations of the Dodecahedron. We will explain them: 
 The small stellated Dodecahedron: 

Every visible face of the small stellated  Dodecahedron is given by the regions colored in red, 
as you can see is a star pentagon. 

 The great  Dodecahedron: 
Every visible face of great Dodecahedron is given by the regions colored in yellow, as you 
can see it consist of 5 triangles in a  regular pentagon. 

 The Great Stellated Dodecahedron: 
If we take the face-planes of the great icosahedron we get the final stellation of the 
Dodecahedron, named the Great Stellated Dodecahedron. 

   
The small stellated 
Dodecahedron 

The great  Dodecahedron The Great Stellated 
Dodecahedron 

 
 

The stellations of the Icosahedron. 
For the Icosahedron we have 20 face-planes, we fix one of them then we have 18 lines 
because they are 18 face-plane cutting this fixed face-plane. The 19th face-plane is parallel to 
the fixed one. We get the following picture, the 18 lines and their intersection. 
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From this picture we get all the stellations of the Icosahedron. We will explain three of them: 
 

 The great (regular) Icosahedron: 
Every visible face of the great (regular) Icosahedron is given by the regions colored in red. 

 The third stellation of the Icosahedron: 
Every visible face of the third stellation of the Icosahedron is given by the regions colored in 
green. 

 The final stellation of the Icosahedron : 
Every visible face of the final stellation of the Icosahedron is given by the regions colored in 
yellow. 

 
The great (regular) 
Icosahedron 

 
The final stellation of the 
Icosahedron 

 
The great  star dodecahedron 
inversed or the third stellation 
of the icosahedron 
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Regular Stellated Polyhedra by Origami. 
 

I) Assembly the regular small  star dodecahedron  
 
 
A standard A4 sheet of paper is 210mmX297mm. 
We will need a rectangular sheet of paper 210mm 
by  215.4mm. We fold it into three equal parts. 

 
Each small rectangle has size 70mm X 215.4mm 
We need a rectangle  

          
Note here                      

 
We fold the rectangle by overlapping the left down 
corner over the right top corner. On each part 
appears two triangles 
Put on the table and fold them. 

 
We get the module, it consist of two isosceles 
triangles which will form the faces of the 
Polyhedron and two rectangle triangles, these are 
useful to assembly our Polyhedron. The isosceles 
triangles are golden triangles, that is the ratio of the 
two distinct 
sides is the golden number. 
We need 30 modules to produce the Small 
Stellated Dodecahedron 
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We must assembly the two modules. Insert the tab 
of a white module into the slot of the yellow 
module. 

 

After complete insertion we have the following 
picture 

 

Continue to insert the tab of one module into the 
slot of another module. Continue in this way until 
you have assembled 5 modules.  We get the 
following picture 

 

The Small Stellated Dodecahedron.  
We observe that around each pyramid there are five 
pyramids. 

 
 
 
The  Small Stellated Dodecahedron. 
is called regular because the star pentagon (here 
formed by the five triangles  colored  in red) is in 
one plane.  The  Small Stellated Dodecahedron. 
is formed by 12 of these star pentagons. 
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II) Assembly of the regular Great Dodecahedron  
Take a sheet of paper 
folded 3 times   as for   
The Small Stellated 
Dodecahedron. 
This rectangle has size 
70mm X 215.4mm 
We fold the rectangle by 
overlapping the left down 
corner over the right top 
corner. 

 
On each part appear two 
triangles. Fold them. 
You can see here the first 
triangle folded 

 
 

On each part appear two 
triangles. Fold them. 
You can see here the first 
triangle folded 
 

 

 

 

Cut it as show into two identical 
pieces. Each piece is a module 
for the Great Dodecahedron. 

 
Cut it as show into two identical 
pieces. Each piece is a module 
for the Great Dodecahedron. 

 
Each piece consist of two 
isosceles triangles which will 
form the faces of the 
Polyhedron and two triangles, 
these are the tabs to assembly 
our Polyhedron. The isosceles 
triangles are golden triangles, 
that is the ratio of the two 
distinct sides is the golden 
number. 

 
 
 
 
 
We need 30 modules to 
produce the Great 
Dodecahedron. We start 
with 3 of them. Insert the 
tab of a red module into 
the slot of the blue 
module. The tab of the 
blue module into the slot 
of the orange module, and 
so on. 

Continue to add modules. 

 
Turn on so that the three 
pyramids are inversed 
(excavated) 

The peak vertices and the deepest 
vertices. Around each deepest 
vertex we have three triangles. 
Around each peak vertex we have 
five inversed pyramids 

 
The last module is pink. 
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Turn on you can see that 
you have a triangular 
pyramid. 

 
Each free tab or free slot 
will be used to insert a 
new module 

 

 
Note that we have two kinds 
of vertices. 
 

 
The Great Dodecahedron. 

 

 
The  Great Dodecahedron. 
is called regular because the pentagon (formed 
by 5 triangles here colored in red) is in one 
plane. The  Great Dodecahedron. 
 is formed by 12 of these  pentagons. 

 
 

III) Assembly of the regular Great Stellated Dodecahedron  
To assembly the Great Stellated 
Dodecahedron, we need 30 
modules identical to those e 
needed for the Small Stellated 
Dodecahedron.  

Now we continue to add 
modules. Remember that must 
have five triangular pyramids 
around every deepest vertex. 

 
We have five triangular 

Keep in mind that around 
any deepest point you 
should have exactly  five 
triangular pyramids 
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Assembly three modules. 

 

pyramids around a deepest 
vertex. 

 
Continue to join new modules.  

 
We are almost at the last 
step. 
 

 

The Great Stellated 
Dodecahedron. 

 

We remark that  the star 
polygon colored in  red is in a 
plane. 

 

 
For  this reason the Great 
Stellated Dodecahedron is 
called regular. The Great 
Stellated Dodecahedron is 
formed by 12 of these star 
pentagons. 

 
The Dodecahedron and its three stellations. 
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IV) Assembly of the regular Great Stellated Icosahedron  
Here is our module to build the Great Stellated Icosahedron. We advise to use paper 160 g 
per 1square meter. To assembly  the Great Stellated Icosahedron, we  

need 12 modules identical to the above one.  You have to fold all segments. All the gray  
triangles will be useful to assembly and will not appear later.  
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We give the precise size of the basic triangle which 
appears in our module to build the Great Stellated 
Icosahedron. Of course our basic triangle is 
proportional to this one. 

 

After fold we get the following module. 
Recall that we have two kinds of folds: valley fold 
and mountain fold, as you can see in the next 
picture.  

 
We advise to put a little glue when overlapping the 
pink triangles. Every module is a pyramid with 5 
inversed pyramids.  

 

When you have prepared your 12 modules  to 
assembly them is very easy. You overlap two 
triangles (colored here in  orange) of one module 
with the corresponding two triangles of a second 
module. 

 
Here you can see our work after glue together seven 
modules. 

 

The Great Stellated Icosahedron. 
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we can remark some 
triangles in the same plane, 
colored in  red in the 
picture. 
For this reason the Great 
Stellated Icosahedron is 
called regular. The Great 
Stellated Icosahedron is 
formed by 20  planar 
triangles 

 
 

 
Some remarks on the module needed  to build the Great Stellated Icosahedron: 
In the exact module need to build the Great Icosahedron, we have an exact triangle.  

 
 
Note that   22. 238756093° is approximately close to 22.25°, and 22.25°=90°/4.  
Now we give a method to produce a very good approximation of the exact module by folding 
paper. In fact   due to the errors produced folding paper the exact module and the 
approximation will give the same polyhedron: 
 
Take a sheet of paper A4. Draw a line in 
the third of the height.

 

Fold it 

 

We fold into two identical rectangles 

 

Now we divide the angle in A into two equal 
angles by overlapping the segment AB over AC 
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Divide again each angle in A into two 
equal angles by overlapping segments. 
Fold all lines. 

 
Unfold our sheet of paper. Now we have 
to size. 

We need a golden rectangle. We choose a golden 
rectangle 6.18cm by 10cm. 

 
In the basic triangle we have PS=10cm, 
PQ=10.156cm , PR= 10.91cm, 
SR=6.18cm  SQ=QR=ST=RT= 
3,93cm 

  
A very good approximation of our module 

 
The final stellation of the Icosahedron.  
The method is mixed of Origami and Pattern. We need 60 modules as the one presented here. 
Each one will form a triangular pyramid. We assembly 5 pyramides together and then the 
built the final stellation of the Icosahedron. As above the gray triangles will be useful to 
assembly by using glue and will not appear later. 
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